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Abstract: A Smarandache multi-space is a union of n spaces Aj, Ao,---, An 
with some additional conditions holding. Combining Smarandache multi- 
spaces with classical metric spaces, the conception of multi-metric space is 
introduced. Some characteristics of a multi-metric space are obtained and 
Banach’s fixed-point theorem is generalized in this paper. 
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1. Introduction 


The notion of multi-spaces is introduced by Smarandache in [6] under his idea 
of hybrid mathematics: combining different fields into a unifying field([7|), which is 
defined as follows. 


Definition 1.1 For any integer i,1 < i < n let A; be a set with ensemble of 
law L;, and the intersection of k sets A;,,A;,,---,A;, of them constrains the law 


T(Aj,, Aig)? ++, Aa,)- Then the union of Ay, 1<i<sn 
A= UA 
i=1 


is called a multi-space. 


As we known, a set M associative a functionp: MxM > Rt={a|cvreR,r> 
0} is called a metric space if for Vx, y, z € M, the following conditions for the metric 
function p hold: 


(1)(definiteness) p(x, y) = 0 if and only if x = y; 

(ii)(symmetry) p(x, y) = ply, 2); 

(iti) (triangle inequality) p(x,y) + ply, z) = pla, 2). 

By combining Smarandache multi-spaces with classical metric spaces, a new kind 
of space called multi-ring space is found, which is defined in the following. 


Definition 1.2 A multi-metric space is a union M= U M; such that each M; is a 
i=l 


space with metric p; for Vi, 1 <<i<m. 


When we say a multi-metric space M = U M,, it means that a multi-metric 
i=1 


— 


space with metrics pj, P2,°--, Pm such that (M;, p;) is a metric space for any integer 


i,1<a<m. For a multi-metric space M=UM,,2€M anda positive number 
i=1 


R, a R-disk B(x, R) in M is defined by 


B(x, R) = { y| there exists an integer k,1 < k < msuch that p,(y,2) < R,y € M} 


The subject of this paper is to find some characteristics of a multi-metric space. 
For terminology and notation not defined here can be seen in [1] — [2], [4] for termi- 
nologies in metric space and in [3], [5] — [9] for multi-spaces and logics. 


2. Characteristics of a multi-metric space 


For metrics on a space, we have the following result. 


Theorem 2.1 Let pi, P2,-++, Pm be m metrics on a space M and F a function on 
E”™ such that the following conditions hold: 

() Fey as 5) SP is tess Un) of for VEL St Sm, BS 8 

(a)? Fleipto te) BO Only yf ay Sa Se SH ae, =H 0, 

(iii) For two m-tuples (x1, %2,°++,%2m) and (1, Y2,°++, Ym); 


F (21, £2,°°+, 2m) + F (yi, Yo,°* Ym) > Fei + yi, 2a + Yo, +++ Lm + Ym)- 
Then F(pi, p2,°+*;Pm) is also a metric on M. 


Proof We only need to prove that F'(p1, p2,+++, Pm) satisfies the metric conditions 
for Vrz,y,z € M. 


By (it), F(p1(2,y), p2(@,Y), +++, Pm(x, y)) = 0 only if for any integer 7, p(x, y) = 
0. Since p; is a metric on M, we know that x = y. 

For any integer 7,1 <i <™m, since p; is a metric on M, we know that p;(x,y) = 
pily, x). Whence, 


F(p1(x, y), P2(@,Y),°° +, Pm(2,y)) = F(pr(y, 2), poly, 2), -+ +, Pm(y, 2). 
Now by (2) and (ii), we get that 


F(pi(2, y), p2(x, y), -, Pm(X, y)) le F(pi(y, ae p2(y, z), ae Dad z)) 
(p(x, y) + pily,z), P2(x, y) + poly, Z),** +5 Pm(2,Y) + Pm(y, 2)) 


= Fp, 
a F(p1(2, z), pa(2, Z)i 8°" Peal®, z)). 
Therefore, F'(~1, P2,°++, Pm) is a metric on M. 4 
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Corollary 2.1 If p1, p2,---+, Pm are m metrics on a space M, then p, + po+---+ Pm 


Pl | 2 ix 127° oll Pm : 
and ;#- + 7257 + <"— are also metrics on M. 
. . . ae mm . . 
A sequence {z,} in a multi-metric space M = U M; is said convergence to 


i=1 
a point x,x € M if for any positive number ¢ > 0, there exist numbers N and 
i1,1<%a<m such that ifn > N then 


ilnsd) < €. 
For {x,} convergence to a point x,x € M, we denote it by lim Ce eae: 
We have a characteristic for convergent sequences in a multi-metric space. 


Theorem 2.2 A sequence {x,} in a multi-metric space M= U M; ts convergent 
i=l 

if and only if there exist integers N and k,1 <k <m, such that the subsequence 

{x,|n > N} is a convergent sequence in (My, px): 


Proof If there exist integers N and k,l < k < m, such that {z,|n > N} 
is a convergent subsequence in (M;, pz), then for any positive number ¢ > 0, by 
definition there exists a positive integer P and a point x,x € M, such that 


piltns ey) < € 


ifn > mazr{N, P}. _ 

Now if {x,} is a convergent sequence in the multi-space M, by definition for any 
positive number ¢€ > 0,there exist a point z,7 € M and natural numbers N(e) and 
k,1<k<™m, such that if n > N(e), then 


Pre) SE; 
that is, {r,|n > N(e)} C M, and {z,|n > N(e)} is a convergent sequence in 
Theorem 2.3 Let M = U M; be a multi-metric space. For two sequences {tn}, {Yn} 
i=1 


in M, af lim te 2 08. lim Yn = yo and there is an integer p such that xo, yo € Mp, 
then lim Pol Bai Yn) = Pp(Zo, Yo): 


Proof According to Theorem 2.2, there exist integers N, and No such that if 
n> max{N,, No}, then pn, Yn € Mp. Whence, we have that 


Ppl Bi, ey) S PplEn; £0) oT Pp(Xo, Yo) Sta Po Ois Yo) 


and 


Pp(Xo, Yo) SS Poleus Xo) ate Dates Yn) a Pp(Yns Yo): 


Therefore, 


[Pp(Lns Yn) — Pp(Xo, Yo)| < Pp(Xn, Lo) + Pp(Yn, Yo): 
For any positive number ¢€ > 0, since lim L,: == op and. lim Yn = Yo, there exist 


numbers Ni(e), Ni(e) = Ni and No(e), No(e) = No such that pp(a,2%o) < § if 


n > Ni(e) and pp(Yn, Yo) < 5 if n = No(e). Whence, ifn > maxr{Ni(e), No(e)}, 
then 


\Pp(@ns Yn) — Pp(Xo; Yo)| < €. i 


Whether a convergent sequence can has more than one limit point? The following 
result answers this question. 


Theorem 2.4 Jf {x,} is a convergent sequence in a multi-metric space M= U M,, 
then {x} has only one limit point. 


Proof According to Theorem 2.2, there exist integers N and i,1 <i< m such 
that z, € M; ifn > N. Now if 


limz, = 2, and limz, = 22, 
n n 


and n > N, by definition, 


OS pil@a,2o) S01 Wn a) Pil Sats). 
Whence, we get that p;(z1, 72) = 0. Therefore, x; = 22. 4 
Theorem 2.5 Any convergent sequence in a multi-metric space is a bounded points 
set. 


Proof According to Theorem 2.4, we obtain this result immediately. h 


A sequence {x,,} in a multi-metric space M= U M;, is called a Cauchy sequence 


if for any positive number ¢« > 0, there exist intecers N(e) and s,1 < s < m such 
that for any integers m,n > N(e ), Pal Bins Vay << E 


Theorem 2.6 A Cauchy sequence {x,} in a multi-metric space M = U M; ts 


convergent if and only if for Vk,1 < k < m, |{an}Myz| is finite or hae but 
{in} (|) M; is convergent in (Mz, a 


Proof The necessity of conditions is by Theorem 2.2. 

Now we prove the sufficiency. By definition, there exist integers s,1 < s < 
m and N, such that xz, € M, if n > Ny. Whence, if |{z,}(M;| is infinite 
and lim{n} Mi = x, then there must be k = s. Denoted by {tn} My, = 


{Xr1, Uk2,°°*,Ukn,** }. 


For any positive number ¢ > 0, there exists an integer No, No > N, such that 
Pr(Lm,Xn) < § and px(Xkn, x) < § if m,n > Ng. According to Theorem 4.7, we 
get that 


Pk(Ln, £) < Pr(Ln,Lkn) + Pr(Lkn, L) < € 
if n > No. Whence, lim as oP 4 
A multi-metric space M is said completed if every Cauchy sequence in this space 


is convergent. For a completed multi-metric space, we obtain two important results 
similar to metric space theory in classical mathematics. 


Theorem 2.7 Let M = U M; be a completed multi-metric space. For a ¢€-disk 


sequence { B(é€n, Xn) }, ee - > 0 forn = 1,2,3,---, the following conditions hold: 
(i) Bla, r1) D Bes, x2) D Ble, 43) D +--+ D Blea) ieee 
(it) lim Ge = 


+00 
Then (\ Bl€,,%n) only has one point. 
n=1 


Proof First, we prove that the sequence {2,,} is a Cauchy sequence in M. By the 
condition (7), we know that ifm > n, then tm € Blém,%m) C Blén, Ln). Whence, 
TOP MEL Oe MS Men) ce AE et Se, 

For any positive number e, since im €, = 0, there exists an integer N(e) such 
that ifn > N(e), then €, < ¢. Therefore, if x, € M), then lima, = 2,. Whence, 
there exists an integer N such that if m > N, then x, € M, by Theorem 2.2. Take 
integers m,n > max{N, N(e)}. We know that 


Pilea) ee Se: 


So {xp} is a Cauchy sequence. 
By the assumption, M is completed. We know that the sequence {x,} is conver- 
gence to a point %, 2% € M. By conditions (7) and (27), we have that p;(%0,2n) < €n 


+00 
if we take m — +00. Whence, 20 € (1) BlEn, tn). 
n=1 
+00 
Now if there a point y € (1) Ben, xn), then there must be y € M). We get that 
n=1 


O< ply, to) = lim p(y, tn) < lim & = 0 


by Theorem 2.3. Therefore, p(y, x20) = 0. By definition of a metric on a space, we 
get that y=2. 

Let M, and M, be two multi-metric spaces and f : M, — My a mapping, 
Lo E M,, f (xo) = yo. For Ve > 0, if there exists a number 6 such that for forallx € 


B(6, 20), f(x) = y € Ble, yo) C My, Le., 
f(B(d, x0) C Ble, yo), 


5 


then we say f is continuous at point x9. If f is connected at every point of M,, then 
f is said a continuous mapping from M, to Mg. 

For a continuous mapping f from M, to M2 and a convergent sequence {2,,} in 
mM, lim Ln = Lo, we can prove that 


lim f (¢n) = (20). 


For a multi-metric space M= U M; and a mapping T': M— M, if there is a 
i=l 


point x7* € M such that Tx* = x*, then x* is called a fired point of T. Denoted by 
#(T) the number of all fixed points of a mapping T in M. If there are a constant 
a,1 <a <1 and integers 7,7,1 < i,j < m such that for Vz,y € M;, Tz,Ty € M; 
and 


p(Tx,Ty) < ap,(z, y), 
then T is called a contraction on M. 


Theorem 2.8 Let M = U M; be a completed multi-metric space and T a contraction 


t=1 
on M. Then 
1 <* O(T) <m. 
Proof Choose arbitrary points 2, yo € M;, and define recursively 


Laat ee ey Se 


for n = 1,2,3,---. By definition, we know that for any integer n,n > 1, there exists 
an integer 7,1 <i<m such that x, Yn € M;. Whence, we inductively get that 


0 < pi(2n, Yn) < a" pi(xo, yo): 


Notice that 0 < a < 1, we know that fim a” = 0. Therefore, there exists an 


integer 7% such that 


Pio (lim Le lim Gil =O. 


Therefore, there exists an integer N, such that 2%, y, € M;, ifn > N,. Now if 
n > Ny, we have that 


Di Leia) SPT ea Pa) 
APig (Tn, Ln—1) = APig(TFn-1,Pn—2) 


O Pig (Zn—1) Bn—2) S++? <p; (2N, 41, 2m) )- 


IA IA 


and generally, form >n > Ni, 


Pip (Ln, Ln41) + Pip Lagi, Lage) + °°* + Pio (Ln—1, Ln) 
(a gre Pees a") Pig (2N,41; IN;) 


Too Pio(@mi415 IN, ) =) O(m,n aris +00) 


Pio (Dias £5) 


IA IA 


IA 


Therefore, {x,,} is a Cauchy sequence in M. Similarly, we can prove {yp} is also a 
Cauchy sequence. 
Because M is a completed multi-metric space, we have that 


lines = hey. = 3". 
n n 


We prove z* is a fixed point of T in M. In fact, by Pig (lim me lim Yn) = 0, there 
exists an integer N such that 


Cas Vig l Bgl Us SM, 
ifn > N+1. Whence, we know that 
0 < pale: TZ) Pigl2”s ta) Tv Pig Ue T2*) a Pio (ins Yn) 
Pig (Z", In) T OPio (Yn—15 Zz”) It Pio (Ln, Un): 


Notice 


slim ig (2"st0) = lim ig(tn1.2") = lim ign 3) = 0. 


We get that: pn (2°; 12") =O, ie, T2°=2. 
For other chosen points ug, Vp € M1, we can also define recursively 
Un+1 = Ris Until = LU, 
and get the limit points lim ti, = lim Un, = w* € M,,, Tu* € M,,. Since 
Pio (2",U") = pi(T2", Tu") < api(z",u") 


and 0 < a < 1, there must be z* = u’*. 
Similar consider the points in M;,2 <i <m, we get that 


1<* O(T) <m. H 


Corollary 2.2(Banach) Let M be a metric space and T a contraction on M. Then 
T has just one fixed point. 


3. Open problems for a multi-metric space 


On a classical notion, only one metric maybe considered in a space to ensure the 
same on all the times and on all the situations. Essentially, this notion is based on 
an assumption that spaces are homogeneous. In fact, it is not true in general. 

Multi-Metric spaces can be used to simplify or beautify geometrical figures and 
algebraic equations. One example is shown in Fig.1, in where the left elliptic curve is 
transformed to the right circle by changing the metric along x, y-axes and an elliptic 
equation 


y 
ete 
to equation 
eye 


of a circle of radius r. 


Fig.1 


Generally, in a multi-metric space we can simplify a polynomial similar to the 
approach used in projective geometry. Whether this approach can be contributed to 
mathematics with metrics? 

Problem 3.1 Choose suitable metrics to simplify the equations of surfaces and 
curves in B®. 


Problem 3.2. Choose suitable metrics to simplify the knot problem. Whether can 
it be used for classifying 3-dimensional manifolds? 


Problem 3.3 Construct multi-metric spaces or non-linear spaces by Banach spaces. 
Simplify equations or problems to linear problems. 


= 
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